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Abstract 

ri 

^3 In this paper we study the behaviour in time of the trace (the 

^ partition function) of the heat semigroup associated with symmetric 

stable processes in domains of R''. In particular, we show that for 
domains with the so called R-smoothness property the second terms in 
the asymptotic as t — > involves the surface area of the domain, just 
J> as in the case of Brownian motion. 
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1 Introduction and statement of main result 

Let Xt be a symmetric a-stable process in R'^, a G (0,2]. This is a pro- 
cess with independent and stationary increments and characteristic function 
^Ogi^Xt ^ e~*l^l", ^ G R'^, t > 0. By p{t, x, y) = pt{x - y) we will denote the 
transition density of this process starting at the point x. That is, 

P'^{XteB) = f p{t,x,y)dy. 
Jb 

Since the transition density is obtained from the characteristic function by 
the inverse Fourier transform, it follows trivially that pt{x) is a radial sym- 
metric decreasing function and that 

p^{x) = t-'^/"pi{t-^/"x) < t-'^/Vi(o), t > 0, X e R'^. (1.1) 
Thus in fact 

MO) = r'^/>i(0) = t-'"^-l-f e-N"dx 

(27r)<* J^d 



.-d/a ^d^{d/a) 
(2'KYa ' 



(1.2) 



where ujd is the surface area of the unit sphere in R'^. Of course, when a = 2, 
pm = (47rt)-^/2, since oj^ = 

In this paper we will be interested in the process Xt in open sets of R'' 
and the behavior of the corresponding semigroup. Let D C R^ be an open 

set and denote by rj^i = inf{t > : ^ Z)} the first exit time of Xt from D. 
By {Pt'}t>Q we denote the semigroup on L'^{D) of Xt killed upon exiting 
D. That is, for any t > and / G L^^D) we define 

Pt''f{x) = E-{TD>t;f{Xt)), xeD. 

The semigroup has transition density pD{t,x,y) satisfying 

PFf{^)= [ PD{t,x,y)f{y)dy 

JD 

and just as in the case of Brownian motion (case a = 2), 

PD{t, X, y) = p{t, X, y) - roit, x, y), (1.3) 
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where 

rD{t,x,y) = E'^iTD <t;p{t-TD,X{TD),y)). (1.4) 
Whenever D is bounded (or of finite volume), the operator PP maps L'^{D) 



into L°°(D) for every t > 0. This follows from (1.1), (1.4), and the general 
theory of heat semigroups as described in In fact, it follows from [15] 
that there exists an orthonormal basis of eigenfunctions {ipn}^=i for L'^{D) 
and corresponding eigenvalues {AnjJ^iof the generator of the semigroup 
{Pr}t>o satisfying 

< Ai < A2 < A3 < . . . 
with A„ ^ 00 as n ^ 00. That is, the pair {(fn, ^n} satisfies 

Pt^iPn{x)=e-^"^iPn{x), x£D, t>0. 
Under such assumptions we have 

00 

PD{t, x,y) = Y^ e~^"^ipn{x)My). (1.5) 



n=l 

Let us point out that the generator of the semigroup {-P/^}t>o is the 
pseudodifferential operator 

-(-A)"/V(x) = lim^,,_„ / ^l^^^^^^dy, 
e->0+ J \X — 

\y-x\>e 



where Ad,^ = T{{d - 7)/2)/(2T7r'^/2|r(7/2)|), see 

The study of the "fine" spectral theoretic properties of the killed semi- 
group of stable processes in domains of Euclidean space has been the subject 
of many papers in recent years, see for example, [13], |1], [23], [1], [2], [3], 
|16j . |17] . |11] . |14] . |18j . |23j . In this paper we are interested in the behav- 
ior of the trace of this semigroup as t — > 0. More precisely, we study the 
behavior as t ^ of the quantity 

Zoit) = / PD{t,x,x)dx. (1.6) 
Jd 



Because of (1.5), we can re- write (1.6) as 



00 „ 00 

ZD{t) = Y,e-'-' ^l{x)dx = Y, 

n=l n=l 



-\nt 



(1.7) 
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The quantity Zo{t) is often referred to as the partition function of D. 
For any set D C R*^ we denote its volume (d-dimensional Lebesgue measure) 
by |D|. It is shown in [^j that for any open set D C R'^ of finite volume 
whose boundary, dD, has zero d- dimensional Lebesgue measure, 



Zoit) ~ as t ^ 0, 



with Ci = By (|1.8|) we means that 



limt'^/^Zflft) = Ci\D\. 



(1.8) 



(1.9) 



If we now let A'^(A) be the number of eigenvalues {Xj} which do not exceed 
A, it follows from ( |1.8[ ) and the classical Karamata tauberian theorem (see 
for example [19^ or [25jj, p. 108) that 



iV(A) 



Ci\D\ 



T{d/a + l) 



A"^/", as A 



oo. 



(1.10) 



This is the analogue for stable processes of the celebrated Weyl's asymptotic 



formula for the eigenvalues of the Laplacian. As we shall show below, (1.9) 



follows easily from (1.3) and (1.4). 



Our goal in this paper is to obtain the second term in the asymptotics 
of Z£){t) under some additional assumptions on the smoothness of D. Our 
result is inspired by a similar result for Brownian motion by M. van den 
Berg, ([5^, Theorem 1). To state it precisely we need a definition. 

Definition 1.1. The boundary, dD, of an open set D in R"^ is said to be 
R-smooth if for each point xq € dD there are two open balls Bi and B2 with 
radii R such that Bi C L>, C R^ \ (L> U dD) and dBi D dB2 = xq. 

Theorem 1.1. Let D cK'^, d>2, be an open bounded set with R-smooth 
boundary. Let \D\ denote the volume (d- dimensional Lebesgue measure) of 
D and \dD\ denote its surface area ({d — \)- dimensional Lebesgue measure) 
of its boundary. Suppose a € (0,2). Then 



Ci\D\ C2\dD\t^/'' 



+ 



< 



t > 0, 



:i.ii) 



where 



Ci=pi(0) 



ivdrid/a) 
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oo 



C2 = C2{d,a)= / rH{l,{xi,0,...,0),{xi,0,...,0))dxi, 







C3 = C3{d,a), H = {{xi, . . . , Xd) € R"^ : xi > 0} and ru is given by 



(1.4). 



The asymptotic for the trace of the heat kernel when a = 2 (the case of 
the Laplacian with Dirichlet boundary condition in a domain of R'^), have 
been extensively studies by many authors. The van den Berg [5] result which 
inspired our result above states that under the i?-smoothness condition 
when a = 2, 

< ' ' , t>0. (1.12) 



Zo{t) - {ATTt)-''/' (^\D\-^\dD\^ 

For domains with boundaries the result 

Zoit) = {ATTt)-"/^ (^\D\ - ^|aZ)| + oit'/^ij , t ^ 0, (1.13) 
was proved by Brossard and Carmona in [9j. R. Brown subsequently ex- 



tended (1.13) to Lipschitz domains in [TO]. We refer the reader to [5], [9] 
and [TO] for more on the literature and history of these type of asymptotic 
results as well as corresponding results for the counting function N{\). It 
would be interesting to extend Brown's result to all a G (0, 2) and we believe 
such a result is possible. At present we do not see how to do this. Finally, we 
should mention here that the emerging of the surface area of the boundary 
of D is somewhat surprising in our setting since stable processes "do not 
see" the boundary. That is, under our assumptions on D, for any x G D, 
P^{Xt-^j £ dD} = (see |8], Lemma 6). What we were naively expecting for 
the second term was, perhaps, some quantity involving the Levy measure of 
the process. 

The paper is organized as follows. In §2 we present several preliminary 
results which will be used in §3 for the proof of Theorem |1.1[ Throughout 
the paper we will use c to denote positive constants that depend (unless 
otherwise explicitly stated) only on d and a but whose value may change 
from line to line. 



2 Preliminaries 

We start by setting some standard notation and recalling some well known 
facts. The ball in R*^ center at x and radius r, {y G R"^ : \x — y\ < r} will 
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be denoted by B{x,r) and we will use Sd{x) to denote the distance from 
the point x to the boundary, dD, of D. That is, Sd^x) = dist{x,dD). The 
Levy measure of the stable processes Xt will be denoted by z/. Its density, 
which we will just write as i^^x), is given by 

Kx) = f^, (2.1) 

where Ad,'y = T{{d - -f)/2)/{2'^Tr'^/'^\T{-f/2)\). We wih need the following 
bound on the transition probabilities of the process Xt which can be found 
in jMj: For all x, ?/ G R'^ and t > 0, 

(2-2) 

Throughout the paper we will use the fact ([S], Lemma 6) that if C R*^ 
is an open bounded set satisfying a uniform outer cone condition, then 
P^{X{td) G dD) = for any x £ D. The scaling properties of pt{x) 
are inherited by the kernels po and r^). Namely, 

PD{t, X,y) = ^ PD/t^/^ (l' ^ 

rD{t,x,y) = ^rj,/^,;^(l,^,-^y (2.3) 

Also, both p£) and are symmetric. That is, pD{t,x,y) = pD{t,y,x) and 
r£){t,x,y) = r£){t,y,x). The Green function for the open set D C R"^ will 
be denoted by Goix^y). Recall that in fact, 

poo 

GD{x,y)= pDit,x,y)dt, x,y€li'^ 
Jo 

and that for any such D the expectation of the exit time of the processes 
Xt from D is given by the integral of the Green function over the domain. 
That is, 

E^{td)= [ GD{x,y)dy. 

JD 

Lemma 2.1. Let D C R'^ he an open set. For any x,y ^ D we have 

t 1 , 

rn{t,x,y) < c(— 1- A -j^ . 
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Proof. By ^iM and (pl2| we see that 



rD{t,x,y) 



< 



< 



Ey{TD<t; p{t-TD,X{TD),x)) 
t 1 




□ 

Remark 2.2. Before we proceed, let us observe how this estimate implies 



the Blumenthal-Getoor estimate given above. Indeed, by (1.3) we see 

that 

PD{t,x,x) rD{t,x,x) 



p{t, X, x) 



1 



and since 



p{t, x, x) 



p{t,x,x) 
Ci 



(2.4) 



we see that (2.4) is equivalent to 

^d/c 



Ci 



PD{t,X,x) 



1 



^d/a 

~c7 



rD{t,x,x) 



Thus in order to prove (1.9), we must show that 

r£){t,x,x) ax ^ 0, as t 



Ci 



0. 



(2.5) 



(2.6) 



D 



For < t < 1, consider the sub-domains Dt = {x G D : 6d{x) > t^^'^°'} 
and its complement = {x £ D : 5d{x) < t^/^"^}. Under the assumption 
that \D\ < oo and that the d-dimensional Lebesgue measure of its boundary 
is zero, we have that \D'j:\ — >0, as t ^ (As pointed out us by the referee, 
the characteristic function of the set tends to zero pointwise and since D 
has finite volume, the Lebesgue dominated convergence thoerem implies that 



without the assumption made in \^ that dD has zero d-dimensional 



Lebesgue measure.) Since pDit,x,x) < p{t,x,x), by (2.5) we see that 

^d/a 



Ci 



rD{t,x,x) < 1, 



for all X £ D. It follows that 

^d/c 



Ci 



r£){t,x,x) dx ^ 0, as t 



0. 



(2.7) 
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On the other hand, by Lemma 2.1 we have 



r£){t, x,x) < c 



s:d+a 



(x) 



A 1 



(2.8) 



For X £ Dt and < t < 1, the right hand side of (2.8) is hounded above by 
g^d/2o+i/2 therefore 

— / rD(t,X,x)dx < Ct^/2a+l/2|^| ^2.9) 
JDt 

and this last quantity goes to as t ^ 0. This proves (i.gp . 

Proposition 2.3. Let D and F be open sets in BJ^ such that D C F. Then 
for any x, y G R"^ we have 

PF{t,x,y) -pD{t,x,y) = E''{td < t,X{TD) G F \ D;pF{t - Tn, X{TD),y)). 
Proof. We have 

PF{t,x,y) -pD{t,x,y) = rD{t,x,y) -rF{t,x,y) (2.10) 

= E^'iTD <t;p{t-TD,X{TD),y)) (2.11) 
-E^'iTF <t;p{t-TF,X{TF),y)). (2.12) 

Note that on the set r^) = tf both expected values are equal. We also have 
TD < TF so (l2TTH2rT2l) equal 



E'^iTD <t,TD < TF;p{t-TD,X{TD),y)) 
- E^'iTF <t,TD< TF;p{t-TF,X{TF),y)). 



(2.13) 
(2.14) 



Now we will prove the key equality 

E'^iTF <t,TD< TF;p{t-TF,X{TF),y)) 
= E''{td <t,TD< TF]rF{t-TD,X{TD),y)). 

First, conditioning we see that 

E^'iTD <t,TD< TF;rF{t-TD,X{TD),y)) 



(2.15) 
(2.16) 



TD<t, TD < Tf;E^^^^\tf < t - s;p{t - S - TF,X{TF),y)) 



-TD 
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By the strong Markov property this equals 



E"" [td <t,TD< TF, 



X TpO Qtd + S < t;p{t - S - Tf O Qro , ^{'^f) ° ^td ^ V) 



I s=ro . 



E"" [td <t,TD < TF, 



X TF o +TD <t; p{t -TpO " Td, X{tf) o , y)] . 



Note that on the set td < tf we have Tp o -^-td = tf and X{tf) o O 



X{tf)- So the last expression equals 

E"" [td <t,TD< TF, TF < t; p{t - TF,X{TF),y)] 

which is the same as (2.15). This proves the equalities (2.15 - [2.16 ). Note 



that the condition td < tf may be written as X{td) F\ D. Hence (2.15 



2.16) and (2.13 - 2.14) imply the assertion of the proposition. 



□ 



We will need the following well known estimate on the Green function 
of the complement of the unit ball. This follows from [12], Lemma 2.5. 



Lemma 2.4. Let Q = B{w, I) , w eW'- , d>2. We have 

c\x - wl"/^ ^'^'^{y) 



Gn{x,y) < 



\x - y\d~a/2 



We will say that an open set D C R"' satisfies the uniform outer ball 
condition with radius 1 if at each point z € dD there exists a ball B{w, 1) C 
D'' such that dD D dB{w, 1) = z. 

An easy corollary of Lemma 2.4 is the following result. 

Corollary 2.5. Let D CR'^, d>2 be an open set satisfying the uniform 
outer ball property with radius 1. Then we have 



GD{x,y) < 



c6''^/\y){\x-y\+6D{x) + ir/^ 



x,y £ D. 



Proof. Let y G D and y* G dD be such that |y — y*| = Sniv)- There exists a 
ball B{w,l) C -D^ such that dD n dB{w, 1) = y*. By Lemma [2^ we obtain 
that Gd{x, y) is bounded from above by 



X - w\^l^ d"f{y) ^ c6''^\y) {\x - y| + 6d{x) + 1)"/^ 



\x-y 



d-a/2 



< 



\x-y 



d-a/2 



□ 
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Lemma 2.6. Let d > 2, b > 0, n = 5(0,26) \ B{0,b) and x G R"'. Then 
we have 

P^{X{rn) e 5^(0,26)) < cb~^/%[l^^{x). 

Proof. For any open set D C R"', Borel set A C R'^, 6 > 0, x G R"^ we have 
the foUowing scahng properties 

P'^^iXino) G bA) = P^{X{td) G A). 

It follows that we only need to deal with the case 6 = 1. 

The ring O = -6(0, 2) \ B{0, 1) is a bounded C^'^ domain. For bounded 
C^'^ domains it is known that E^{td) < c{D,q.)5^'^{x), ([21], Proposition 
4.9) and there are also well known estimates for P^{X{td) G •) (see |12j . 
Theorem 1.5, see also [13], Theorem 1.2). The lemma for 6 = 1 follows from 
these estimates. □ 



Lemma 2.7. Let T > 0, d > 2 and Q = B(0,2) \ B{0, 1). There exists a 
constant Ct ( depending on T, d, a) such that for any t>T we have 

Pn{t,x,y) < CTd^^'^{x)6'^^'^{y). 

Proof. It is well known ([l3]. Theorem 4.6) that the semigroup {Pp}t>o is 
intrinsically ultracontractive. It follows that for any t > T > we have 

pn{t,x,y) < CT(pi{x)ipi{y), 

where ipi is the ground state eigenfunction for 0,. It is also well known (|13j. 
Theorem 4.2) that tpi{x) < c6q'^{x), and the lemma follows. □ 

We will need the following "space-time" generalization of the Ikeda- 
Watanabe formula [20]. Such a generalization has been proved for the 
relativistic stable process in [22], Proposition 2.7. The proof of this gen- 
eralization in our case is exactly the same as in j22j and is omitted. 



Proposition 2.8. Let D be an open nonempty set and A a Borel set such 
that A C D'^ \ dD. Assume that < ti < t2 < oo, x G D. Then we have 



P'^iXiTo) e A,ti <TD <t2) = [ [ PD{s,x,y)ds [ u{y - z)dzdy. 

JD Jti J A 
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The following proposition is already known for relativistic stable process 
(see Theorem 4.2). 

Proposition 2.9. Let 0, = {B{w,l)Y, w G R'^, d > 2. There exists a 
constant c such that for any t > 0, x,y £ 0, and |a; — y| > a > 0, we have 



pnit,x,y) < 



c{tyl)6^/\y) 



(2.17) 



(aAl)°/2|2;-y|'^+" 

Proof. The proof of this proposition is very similar to the proof of Theorem 
4.2 in [221. We wih assume that w = 0, so that Q = {B{0, 1))^ We have 

ct 

pnit,x,y) < p{t,x,y) < 



\x-y 



d+a ' 



Thus for y such that 5Q{y) > (a A l)/8 the proposition holds trivially. From 
now we suppose that (5n(y) < (a A l)/8. Let us also assume that y = 
(|y|, 0, . . . , 0). Consider the ring R = B{p,2b) \ B{p,b), where p = {1 — 
6,0. .. ,0) and 6 = (a A l)/ 8. Note that ^^(y) = dB(p,b){y)- 

In order to show ( |2.17 ) we will estimate the integral of pQ{t, z,y) over 
the smaller ball B(x,s), s < b. We will then differentiate this quantity by 
dividing by the volume and taking the limit as s tends to 0. First observe 
that B{x, s) C R". We have 



B{x,s) 



pn{t,z,y) dz 



py{X{t)eB{x,s),TD>t) 



< py{TR < t, X{tr) Gn\R, X{t) G B[x, s)). 
By the strong Markov property the last expression equals 



TR<t,X{TR)€n\R; P^(-n)^x{t-r)€B{x,s))\r- 



(2.18) 



Let A = B{x, \x - y|/4). Note that A C R"". We will divide the set 17 \ i? 
into two subsets Anil, and F = il\{AU R). Observe that 



Ey 



TR < t,X{TR) G F; P^(^«)(X(t-r) G B{x,s))\, 



TR<t,X{TR) £ F; I p{t-TR,X{TR),z)dz 

B{x,s) 



Note also that X(tr) G F, so for z G B(x,s), s < b < \x — y\/8 we have 



\X{tr) — z\ > \x — y\/8. By (2.2) this is bounded above by 

t\B{x,s)\ 



cPy{X{TR)eF)- 



\x -y 



d+a ' 
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By Lemma 2.6 and the fact that = ^B{pb){y) this is bounded above 

by 

ct6^/\y)\B{x,s)\ 



x-y 



\d+a 



Now let us estimate the part of (2.18 ) corresponding to the set An $7. By 
the "space-time" Ikeda-Watanabe formula stated above, (Proposition 2.8), 
we have 



r=TR 



py [tr < t, x{tr) eAnn, X{t) G B{x, s)] 



(2.19) 



R JO 



PRiT^y^u) j u{u — v)P^{X{t — r) E B{x,s)) dv dr du. 
'Ann 



Note that for u G R, v £ ACiO,, we have \u — y\ < Ab < \x — y\/2, \v — x\ < 
\x - y\/A. Thus 



v{u — v) < c\x — y\ 



-d—a 



We also have 



[ P^iXit-r) £ B{x,s))dv = [ [ , 
J Ann Jb{x,s) J Ann 



p(t — r, V, z) dv dz < \B(x, s)\ 



and 



R Jo 



PR{r,y,u)drdu < / G R{y , u) du = {tr) 



R 



< cb-^Xl^{y)=cb-^X^\y). 



It follows that (2.19) is bounded above by 

cb''/^d^/\y)\B{x,s) 



\x -y 



d+a 



Recall that b = {a A l)/8. Finally diving both sides by \B(x, s)\ gives 



1 



\B{x,s) 



pn{t,z,y)dz < 



citVl)5"/\y) 



B{x,s) 



n 

x-y\ 



Letting s — > we get the assertion of the proposition. 
An immediate corollary of the above result is 



□ 
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Corollary 2.10. Let D CR"^, d>2, be an open set satisfying the uniform 
outer ball condition of radius 1. There exists a constant c such that for any 
t > 0, x,y £ D with \x — y\ > a > 0, we have 

PD{t,x,y) < 



{a M)°'/^\x - y\ 



d+a ' 



Proposition 2.11. Let n = {B{w, 1))^ w £ R'^, d > 2 and < S < T < 

oo. There exists a constant cs,t (depending on S, T, d, a) such that for 
any t £ [S, T] we have 

Pn{t, x, y) < cs^T^'^'^iy), x,y en. 

Proof. We assume that w = 0. We have 

Pn{t,x,y) <pit,x,y) < ct-'^''^, 

so when Sfi^y) > 1/2 the proposition holds trivially. Thus we m ay assume 
that 6n{y) < 1/2. Let R = B{0,2) \ B{0,1). By Proposition |z3|pn(^, x, y), 
equals 

PR{t, X, y) + S^(rR < t, X{tr) £n\R\D; pn{t - tr, X(th), y)). 



By Lemma |2.7| and Lemma 2.6 we obtain 

PR{t,x,y) < cs6'^'^{y) = cs5'^'^{y). 

Since < 1/2 and \X{tr)\ > 2, we see that \X{tr) - y\ > 1/2. By 

Proposition |2.9| we obtain 

Pn{t-TR,X{TR),y) < cT5'^'^{y), 
and the proposition follows. □ 

Corollary 2.12. Let D CR"^, d>2 be an open set satisfying the uniform 
outer ball property with radius 1. Let < S < T < oo. Then there exists a 
constant cs,t (depending on S, T, d, a) such that for any t S [S,T] we have 

PD{t,x,y) < cs,TSD'^{y), x,yeD. 

We will need some facts concerning the "stability" of surface area of the 
boundary open sets with i?-smooth boundary under certain perturbations. 
The following lemma is proved by van den Berg in [5] . 
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Lemma 2.13 ([5j, Lemma 5). Let D he an open hounded set in R'^ with 
R-smooth houndary dD and define for < q < R 

Dg = {x£D : 5d{x) > q] 

and denote the area of its houndary dDq hy \dDq\. Then 



R-q 
R 



\dD\ < \dDq\ < ( — ^ 

R-q 



d-l 



\dD\, 0<q<R. (2.20) 



This lemma is formulated in [5] for open bounded regions but it follows 
easily that it holds for all open bounded sets. Using this lemma we obtain 
the following result. 

Corollary 2.14. Let D he an open hounded set in R'^ with R-smooth hound- 
ary. For any < q < R/2 we have 



(i) 

(n) 

(Hi) 



-d+l 



dD\ < \dDq\ < 2'^-^\dD\ 



\dD\ < 



2'^\D\ 

IT' 



\dDq\ - \dD\\ < 



2'^dq\dD\ 2^'^dq\D 



R 



< 



i?2 



Proof, (i) follows directly from (2.20) under our restriction on q. By (i) we 
obtain 

'•R/2 



\D\>\D\Dr/2\= \dDg\dq>2-'^\dD\R, 
Jo 



which gives (ii). 



By ( |2.20[ ) we get 
R~ q 



R 



1 \dD\ < \dDg\ - \dD\ < 



R 



R-q 



i-l 



1 \dD\. 



Now (iii) follows from the mean value theorem and the fact that the deriva- 
tives of both ij^)'^'^ and (^)'^^^ with respect to g G (0,i?/2] are 
bounded by 2'^dR-^. □ 
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3 Proof of main result 



Proof of Theorem \l.l\ We begin by observing that for t^/" > R/2, the the- 
orem holds trivially. Indeed for such t' s we have 

c\D\ c\D\t^/°' 



Znit) < J^p{t,x,x) dx<-^< 



By Corollary 2.14| (ii) we also have 



Therefore for t^/" > R/2 ( |l.ll| follows. 

From now on we shall assume that t^/" < i?/2. From (O) and the fact 
that p{t,x,x) = jj/^Pi{0), we see that 



Ci\D\ 

id/a 



D 



PD{t,x,x) dx — / p{t,x,x) dx 
Jd 

r£){t,x,x)dx, (3-1) 



D 



where Ci = pi(0) as stated in the theorem. Therefore we must estimate 
(3.1). We will use the notation of Lemma 2.13 We break our domain into 
two pieces, and its complement. We will first deal with the contribution 



in Dri2. 
Claim I: 



D 



r^it^ x, x) dx < 



(3.2) 



R/2 



for t^/"^ < R/2. To verify this, observe that by scaling the left hand side of 
1 



(3.2) equals 



fd/c 



D 



R/2 



1, 



X X 



dx. 



(3.3) 



For X G we have 5^/^i/c{x/t'^/°') > R/{2t^/°') > 1. It follows by Lemma 
Othat 



X X 
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Hence is bounded by c\D\t'^/'^ /{R^t'^/°'), which gives ( |3^ . 

Now let us introduce the following notation. Since D has i?-smooth 
boundary, for any point y E dD there are two open balls Bi and B2 both of 
radius R such that Bi C D, B2 CH'^ \ {D U dD), dBi n dB2 = y. For any 
X G Dj:j/2 there exists a unique point G 9£) such that (5^ (x) = |a;— a;*|. Let 
Bi = B{zi,R), B2 = B{z2, R) be the balls for the point x*. Let H{x) be the 
half-space containing Bi such that dH{x) contains x* and is perpendicular 
to the segment ^1^2- 

The next proposition asserts that for small i, the quantity r£){t, x, x) can 
be replaced by ru(^nc){t, x, x). This is a crucial step in the proof of Theorem 
The proof is fairly long and technical and is deferred to after the proof 
of Theorem II. 1[ 



Proposition 3.1. Let D C R'^, d > 2, be an open bounded set with R- 
smooth boundary dD. Then for any x & D \ Dji/2 o,nd t > such that 
t^/" < R/2 we have 



\rD{t,x,x) - rH{x){t,x,x)\ 



< 



ct^/'^ 

rF/^ 



5d{x) 



d+a/2-1 



A 1 



(3.4) 



Let us assume the proposition and use it to estimate the contribution 
from D \ Dji/2 to the integral of r£){t, x, x) in (3.1 ). 



Claim II: 



rD{t,x,x)dx- rH{x){t.x,x) 



dx 



for t^/" < R/2. To see this observe that by Proposition 



< (3.5) 



RH'^I^ ' 

the left hand 



3.1 



side of (3.5) is bounded above by 



Rt'^/'^ Jo ' ^' 




d+a/2-1 



A 1 dq. 



By Corollary 2.14[ (i), the last quantity is smaller than or equal to 

d+a/2-1 



ct^/'^ldDi r^/^ I ( t^l'^ 

Rt'^l'^ Jo 



A 1 dq. 



(3.6) 
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It is easy to show that the integral in (3.6) is bounded above by ct^l'^ . Using 
this and Corollary 2.14, (ii), we obtain (3.5). 

Recall that H = {(xi, . . . , xi) S R"' : x\ > 0}. For abbreviation let us 
denote 

= r(^^(t,(g,0,...,0),(g,0,...,0)), t,g>0. 

Of course we have rff(^^-^{t,x,x) = fH{t-,5H{x)[x)). Note also that fH{t,q) 
satisfies the following properties 

fH{t,q) = t-''/yH{l,qt-'h, Mhq) < ciq'"-^ A 1). 
In the next step we will show that 



/ rH(x){t,x,x)dx / fH{l,q)dq 



< 



3|Z)|t2/" 



(3.7) 

Note that the constant C2 which appears in the formulation of Theorem |1.1| 
satisfies C2 = /q°° fni^iQ) dq. 
We have 



rH{x){t,x,x) dx 



/2 



B./2 



dDu\fH{t,u) du 

R/2 

\dDu\fH{lM-^''')du 



\dD^i/^g\fH{l,q)dq, 



t'^/" Jo 

f/a i-R/{2t^/°') 
id/c 



where the second equality follows by scali ng a nd the third by the substitution 
q = ut"^/°^. Hence the left hand side of (3.7) is bounded above by 



fd/a 



\dD^i/^ \ - \dD\ 



fH{'^,q) dq. 



By Corollary 2.14[ (iii), this is smaller than 



< 



Jl2td/a 



qfH{'i-,q) dq 



{q-'^-'^ M)dq< 
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This gives (3.7). Finally, we have 



< 



(3.8) 

To see this recah that R/{2t^/'^) > 1. So for q > R/{2t^/'^) we have 
fH{l,q) < cq-'^~" < cq-"^. Therefore 



poo f'OO 

/ fH{l,q)dq<c 



_R/(2ti/") 



dq ct 

«2 - ^ 



1/a 



This and C orohary [2l4| (ii), gives Q. Now, (|3l]), Q, Q, Q, Q 
give ( [TTTI ). □ 



Proof of Proposition 3. 1 . Let x=k G 5D be a unique point such that | x — 
= dist{x, dD) and Bi and i?2 be the balls with radius R such that 
Bi C D, B2 C'R'^\{DU dD), dBi n dB2 = x^. Let us also assume that 
x^ = and choose an orthonormal coordinate system (xi, . . . ,X(i) so that 
the positive axis Oxi is in the direction of Op where p is the center of the 
ball Bi. Note that x lies on the interval Op so x = (|x|, 0, . . . , 0). Note also 
that Bi C D C (B2Y and Bi C -^(x) C (JhY- For any open sets Ai, A2 
such that Ai C A2 we have r^^(t, x,y) > rA2it,x,y) so 

|rz)(t,x,x) - rH(x){t,x,x)\ < rB^{t,x,x) - rf^-^y{t,x,x). 

Recall that for any open set A C R'^ the function rA{t,x,y) satisfies the 
scaling property (2.3). So in order to prove the proposition it suffices to 
show that 



1 



< 



X X 



1, 



A 1 



for any x = (|x|, 0, . . . , 0), |x| G (0,i?/2]. 

Given the bah Si, we set W = Bi/t^/"^, U = (5^)7*^/" and s = R/t^/°'. 
Note that s is the radius of W. Recall that dW n dU = x* = 0. Note also 
that 



6d 



x 



< dist 



,0' 





X 
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Replacing xji^l'^ by x, it follows that in order to prove the proposition it 
suffices to show 

rty(l, X, x) - r[/(l, X, x) < cs'^dxI-'^-^/^+i a 1), 

for any x = (|x|, 0, . . . , 0), |x| G (0, s/2]. 
By Proposition |2.3| it suffices to show 



E^'irw < 1,X{tw) GU\W;pu{1-tw,X{tw),x)) (3.9) 

< cs-'^{\x\-'^-''/^+^ Al), (3.10) 

for any x = (|x|, 0, . . . , 0), |x| G (0, s/2]. 

Let us set A = {tw < 1,X{tw) S C/ \ W}, f = pu{l - tw,X{tw),x). 
So the expression in (3.9) is just E^(A;f). Let P be the following set 
P = B{0, s)\{Wu ([/^)). We win divide E'^iA; /) into 3 terms: 

E^X{Tw)^P,A;f), (3.11) 

E^X{tw) G P, \X{tw) -x\> 1,A; f) (3.12) 

and 

E^{X{tw) G P, \X{tw) -x\<1, A; /). (3.13) 

We estimate each term separately. 
By (2.2 ) we have 

Pi/(1 - tw,X{tw),x) < p{l - tw,X{tw),x) < 



\X{tw) - x\ 



Let a, b be the centers of W and {Uy. That is, set W = B{a, s) and 
(UY = B{h,s). We have 

E%X{Tw)iP,A-f) (3.14) 
< cE'^iXiTw) i {B{0, s) U B{a, s)); \X{tw) - x]''^-''). 

The distribution (harmonic measure) P^(X(r^(^p ^-j) G •), x G B(xo,r) 
is well known. Indeed, by [7j we have 



p-(x(tb(.o,.)) ^y) = ci [ 

Jv 



(r^ — l^; — a^oP)"''^ dy 



Iv (|y-Xo|2 -r2)°/2|x-y|'^' 

for X G B{xo,r) and ^ C B''{xQ,r) where = r((i/2)7r~'^/2-i gij^(7ra/2). 
Therefore (3.14) is bounded above by 

„2 U ^|2 



— |x — ar )°/2 



B=(o,s)uB^(a,s) (|y - a|2 - s^rl^\x - y\^<^+- ■ ^^-^^^ 
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Note that on the set i?'^(0, s) U -B'^(a, s) we have |x — y| >c\a — y\. Changing 
to polar coordinates (p, (pi . 
bounded above by 



cs 



,(Pd-i) centered at a we see that (3.15) is 



{p - sY/'^p^/'^p 



2d+a 



< CS 



Note that s > 2 because < R/2. Using this and the fact that 



\x\ G 



-d—a 



< CS 



(0, s/2) we have s' 
P, A; /) is bounded by §J^. 



-^-"/2+1a1). This shows that ^^(X(ri4') ^ 



Now we will estimate (3.12). By Corollary 2.10 we have 



puil - tw,X{tw),x)) < 



c6f{X {Tw)) 
X{tw) 



X 



d+a '■ 



on the set |X(rpi/) — x| > 1. Thus (3.12) is bounded above by 

cE^{X{tw) e P; d'^^\x{Tw)) \X{tw) - x\-''-'') 
(s2-|x-a|2)°/2<5^/2^y) dy 



\y - xo\ 



(3.16) 



Since (s^ 



\x — a 



2)°/2 < c|x|"/2W2 and {\y - xqP - s2)"/2 > c5"/^(y) W 



(3.16) is bounded above by 

|"/2 



C\X\ 



^u'^{y) dy 



p ^w^{y) \x-y 



2d+a 



(3.17) 



Let us recall that |X(rvi/) — x| > 1 so |x — y| > 1 in (3.17). Now we 
will use techniques developed in |2Tj. For completeness we repeat several 
arguments from that paper. Let us introduce spherical coordinates y = 
{p,ipi, . . ■ ,(pd-i) with the origin and principal axis Oa. There are small 
technical differences between the case d = 2 where (pi G [0, 2-k) and the case 
d > 3 where (pi £ [0,7r). We will make calculations for the case d > 3. The 
case d = 2 is very similar and we leave it to the reader. 

Consider the triangle T = yOa with vertices y, 0, a. We have 



Since |0 



|y — o| = |y — 0| + |0 — a| — 2|y — 0||0 — a| cos 991. 
:| = s and |y — 0| = p, we get 



I 1 9 9 9 

\y — a\ =p +s —2pscosipi. 
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For < p < s let (3{p) be the angle satisfying < < 7r/2 and 



= + — 2ps cos . 



(3.18) 



The angle f3{p) has the following property, y = (p,ipi, . . . , (pd-i) £ P and 
only if < /> < s and 

7r-/3(p)>(/^i>/3(p). 



From (3.18) we get 



P_ 
2s' 



cos P{p) 

Thus if y E P we have cos (3{p) < 1/2. Hence 

vr/2 > /3(p) > 7r/3 and sin /?(/))> \/3/2. 

Note that if 7r/2 > 7 > then (vr/2) sin 7 > 7. Using this we obtain 
np IT 



Hence 



4s 2 V2 
np 



sm(?-/?(p))>;-/3(/.). 



2s 



>7r-2/3(p). 



(3.19) 



For y £ P the double angle formula gives 



p^-2pscos{iipi-(3{p))+l3{p)) 



\y-a\ -i 

p^ — 2ps cos P{p) cos((/9i — P{p)) + 2/jssin P{p) sin(93i — P{p)). 



(3.20) 



But by (3.18) we have — 2ps cos f3{p) = and this gives that (3.20) is 
bounded below by 

2pssin/3(/j)sin(v3i - (3{p)) > pssm{ipi - (3{p)). 

It follows that for y €z P, 

Sw{y) = \y -a\- s>{\y - - s^)/s > psm{ipi - (3{p)). 

Recall that {UY = B{b, s). Similarly as above for y £ P we obtain 

\y - 6|2 _ §2 < p2 _ cos(7r - f3{p)) = 2p^, 

so Su{y) = \y -b\ - s < cp^/s. 



We now return to (3.17). Let us recall that — ?/| > 1. Let us divide P 
into 2 sets: 

Pi = {y£P:\y-x\£{l,2\x\)], 
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and 



P2 = {y G P : > 1 V2|x|}. 

We first estimate the integral in (3.17) over the set Pi. Since the set Pi is 
not empty only when \x\ > 1/2, we may assume that |x| > 1/2. Note also 
that for y G Pi we have |y — x| > c|x|. It follows that 



c\x\ 



V2 



^u'^iy) dy 



p^4\y)\^-y\ 



2d+a 



5u'^{y) dy 



^1 Opi/ 



(y) 



(3.21) 



Note that for y G Pi we have \y\ < 3\x\. Using polar coordinates we obtain 

^u^'^{y)dy 



< c 



^1 s^\y) 

■3\x\ /•TT — l3{p) l-TT 

I Jl3{p) Jo 

xp^-isin-^-Vi 



IT /•2tt 




p"/W2 



Jo p 



i"/2,sin" 



^/2(^l-/3p) 



.sinif d-2 dip d~i ...dp 



3|x| 



~ lo JfSip) p"/2sin°/2((^i-/3p) 



We now claim that 



< 



cp 



Indeed, the left hand side of (3.24) equals 

1/2 r7T~2p(p) 



P" 



s"/2 



pa/'2sm"'/^{ipi- I3p) s 

^pa/2 rn-2(3ip) 



(3.22) 



(3.23) 



(3.24) 



dip 
sin"/^ 99 



< 



ip 



a/2 ■ 



But now (3.24) follo ws from (3.19). Hence (3.23) is bounded by cs ^\x\'^^^. 
It follows that (3.21 ) is bounded by cs~^\x\~^~^'^'^^ . We have assumed that 



x\ > 1/2 so (3.21) is bounded by cs-^lxj-'^-^/^+i a 1). 



Now we will estimate (3.17) over the set P2. For y G P2 we have |y — a;| > 
c\y\. Note also that for y G P2 we have 



\y\ >\y-x\- \x\ > (1 - |x|) V \x\ > (1/2) V \x\ 
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Hence, 



^u'^iy) dy 



(3.25) 



Using polar coordinates this is bounded above by 



/•CO 



J(l/2)V\x\ 

By (3.24) this is smaller than 



pip) p"/2sin°/2((^i-/?p) 



dp. 



-i|^r/2 



cs \x 



/(l/2)V|x| 



dp < cs-i(|x|~'^-"/2+i A 1). 



It follows that ( |3l2| ) is bounded by ( [3l0 |. 

Now we will estimate (3.13). For this we may assume that \x\ < 1. Let 
P3 = {y & P '■ \y\ ^ 2}. (3.13) is bounded above by 

= E%Tw < 1/2, X{tw) G P3;pu{l-rw,X{Tw),x)) 
+ E^{Twe[l/2,l],X{Tw)ePs;pu{l-rw,X{Tw),x)) 
= I + 11. 

We estimate I first. When tw < 1/2 we have 1 — tw > 1/2 so by Corollary 
12.121 we obtain 

Pc/(1 -tw,X{tw),x)) < c6'^^'^{X{tw)). 



Therefore 



I < cE^{X{Tw)ePy,6'^^\x{Tw))) 
^ r is' - \x - a\'r/H"^/\y) dy 
Jpa (|y - - s2)"/2|x - y 



d ■ 



(3.26) 



Using the same argument used to estimate (3.16) by (3.17), we obtain that 
(3.26) is bounded above by 



c\x\ 



V2 f ^u'^i.y) dy 



'p^S'^\y)\x-y\'' 
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We divide P3 into 2 sets: 



Pi = {yeP:\y-x\<2\x\}, 
P5 = {y P ■.\y -x\> 2\x\}. 



o *iy i^ij. 

As before, the arguments used for (3.21) and (3.25) give 

J Pa 8?'^iv^\x-v\'^ 



(3.27) 
(3.28) 



p^5'^\y)\x-y\'' 

Jp.6'^\y)\x-y\^ 
x\ < 1 we finally obtain that 

l<cs-^{\x\-'^~'^'^+^ M). 

Now we need to estimate II. By the generalized space-time Ikeda- 



Using the fact that 



iNow we neeu lo esiimaie ii. i 
Watanabe formula (Proposition 2.8), 



II = 



/ / Pw{s,x,z) [ I '^'^''^ pu{l-s,y,x)dydsdz. 



jw JL/'2 JP3 yi 

We estimate pw{s,x,z) in the follo wing way. We have 
z £ W n B{0,3) by Corollary 2.12 we obtain p]y{s,x,z 



^ c n B(0,3) by Corollary 
z G M/"nS^(0,3) we get piy(" 

til a t. 



that 
II = c 



o s e [1/2,1]. For 

we obtain pvi/('5,x,z) < c5^^(z). For 
< p(s,x,z) < c|a; — z\~'^~'^ . It follows 



'/ ^w^{z) I 1 -Jd+^ f Pui'i- - s,y,x)dsdydz 

JwnB{o,3) Jpb \z - yr+° Ji/2 

, . It / Iz l\d+a I Pui'^-'^^y^^^dsdydz. 

/ Pl/(1 - s,y,a;)c^s < G(7(y,a;), 
where Gu{y,x) is the Green function for U. Hence II is bounded above by 

c f Gu{y,x) ( f + / , rj^ rr-] dy. 

Jp, ^^Vv^nm3)l^-yl'+" JwnB^{Ofl)\^-zV-^^\z-y\'^+^ ) 



We have 
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For y £ P3 and z £ W we have 5wiz) < \z — y\ and hence 
6^'^{z) dz 



H^ns(o,3) \z - y 



d+c 



< 



z — y°'^'^ \ dz ^ c 



B''iy,5w{y)) \^-y\ 



For y £ P3 and z £ W D B'^(0,3) we have — zl > c\z\, \y — z\ > c\z\ 
^w'^'^iy) ^ c thus 



/ 



dz 



wnB'={o,3) \x — z\ ^ \z — y\ ^ 



Hence 



IK c 



dy < c 

'B'=(0,3) 

Gu{y,x 



dz 



2d+2c 



<C< 



^3 C^'(y) 



dy. 



Recall that |x| < 1. By Corollary 2.5 for y £ P3 we get Gu{y,x) < 
c5^/^(y)|x-y|°/2~d. Thus 



IK c 



Pa 



|^_y|d-a/2<5^/2(y) 



dy. 



Finally, we can divide P3 into sets P4, P5 (see 3.27 3.28). The same argu- 
ments used for (3.21 3.25) and the fact that |x| < 1 give that 



II < cs-Hkr'^""/^+^ A 1). 



This shows inequality (3.9 - 3.10) and finishes the proof. 



□ 
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